Abstract. In cluster categories, mutation of torsion pairs provides a generalisation for the mutation of cluster tilting subcategories, which models the combinatorial structure of cluster algebras. In this paper we present a geometric model for mutation of torsion pairs in the cluster category C Dn of Dynkin type Dn. Using a combinatorial model introduced by Fomin and Zelevinsky in [7] , subcategories in C Dn correspond to rotationally invariant collections of arcs in a regular 2n-gon, which we call diagrams of Dynkin type Dn. Torsion pairs in C Dn have been classified by Holm, Jørgensen and Rubey in [10] . They correspond to so-called Ptolemy diagrams of Dynkin type Dn, which are diagrams of Dynkin type Dn satisfying a certain combinatorial condition. We define mutation of a diagram X of Dynkin type Dn with respect to a compatible diagram D of Dynkin type Dn consisting of pairwise non-crossing arcs. Such a diagram D partitions the regular 2n-gon into cells and mutation of X with respect to D can be thought of as a rotation of each of these cells. We show that mutation of Ptolemy diagrams of Dynkin type Dn corresponds to mutation of the corresponding torsion pairs in the cluster category of Dynkin type Dn.
Introduction
An important motivation for mutation stems from cluster theory. Cluster algebras were introduced by Fomin and Zelevinsky in [6] to study dual canonical bases and total positivity in semisimple groups from an algebraic and combinatorial viewpoint. In [1] , Buan, Marsh, Reineke, Reiten and Todorov categorified cluster algebras through cluster categories. By Keller [13] , cluster categories are triangulated categories. They mimic the combinatorial idea of cluster algebras: the rigid indecomposable objects correspond to the cluster variables and so-called cluster tilting subcategories take on the role of the clusters. The mutation of clusters is modelled by the exchange of indecomposable objects in cluster tilting subcategories as introduced by Buan, Iyama, Reiten and Scott in [4] : one replaces one indecomposable object in the cluster tilting subcategory by a unique other indecomposable object such that we again get a cluster tilting subcategory.
In [12] , Iyama and Yoshino introduced a more general concept of mutation in triangulated categories. Every subcategory X of T which is closed under summands, finite direct sums and isomorphisms can be mutated in two directions with respect to a rigid subcategory D ⊂ T , i.e. a subcategory that has no self-extension; Ext 1 (D, D) = 0 -yielding two subcategories µ D (X) and µ which is called the torsion-free part. Cluster tilting subcategories can be viewed as a specialisation of torsion pairs, as every cluster tilting subcategory in T is the torsion part of a torsion pair in T . A natural question to ask is how to define mutation of torsion pairs to provide a generalisation of mutation of cluster tilting subcategories. It was shown by Zhou and Zhu in [17] that if T has AuslanderReiten triangles, then mutation of a torsion pair of T in the sense of Iyama and Yoshino [12] with respect to a suitably nice rigid subcategory D in both directions yields another torsion pair of T . Furthermore they used the classification of torsion pairs in the cluster category of type A ∞ due to Ng [15] and of Dynkin type A n due to Holm, Jørgensen and Rubey [9] via Ptolemy diagrams to give a combinatorial description of their mutation in these cases.
In [10] , Holm, Jørgensen and Rubey classified torsion pairs in the cluster category of Dynkin type D n using Ptolemy diagrams of Dynkin type D n . They used a combinatorial model for Dynkin type D n which was first introduced by Fomin and Zelevinsky in [7] and which is closely related to the model for the cluster category of Dynkin type D n by Schiffler [16] . Consider the regular 2n-gon P 2n . An arc of P 2n is a pair of vertices of P 2n and an arc that is invariant under rotation by π is called a diameter. Indecomposable objects in C Dn are identified with rotationally symmetric pairs of arcs and diameters of the colours red and green in the regular 2n-gon. Subcategories which are closed under summands, finite direct sums and isomorphisms correspond to π-rotation invariant collections of arcs, which we call diagrams of Dynkin type D n . It was shown by Holm, Jørgensen and Rubey in [10] that torsion parts of torsion pairs in C Dn correspond to diagrams of Dynkin type D n with a distinctive combinatorial property, called Ptolemy diagrams of Dynkin type D n .
In this paper we provide a combinatorial description of mutation of torsion pairs in the cluster category C Dn of Dynkin type D n . The situation is more complicated than in types A n and A ∞ , because we have to deal with the indecomposable objects in the cluster category which arise from the exceptional vertices of the Dynkin diagram D n . Combinatorially, these correspond to the red and green diameters in the 2n-gon. We define the mutation of Ptolemy diagrams of Dynkin type D n . Just like mutation of a torsion pair of C Dn is with respect to a nice subcategory D of C Dn , the mutation of the corresponding Ptolemy diagram of Dynkin type D n is with respect to the subdiagram D corresponding to the subcategory D. Any such subdiagram D consists of pairwise non-crossing arcs and divides the 2n-gon into convex polygons which we call D-cells of Dynkin type D n . We define the mutations µ D and µ − D as mutually inverse bijections on arcs that do not cross any arcs of D. Thus we can mutate any diagram X of Dynkin type D n with respect to any non-crossing diagram D which is compatible in the sense that no arc in X crosses any arc in D. Essentially, the mutations µ D and µ full and closed under isomorphisms, direct summands and finite direct sums. By abuse of notation we might identify a subcategory X with the collection of its (indecomposable) objects and write x ∈ X for an object x in X. For a subcategory X of a triangulated category T , we denote by X ⊥ the right Hom-perp of X, i.e. the subcategory X ⊥ := {t ∈ T | Hom(x, t) = 0 ∀x ∈ X} and dually by ⊥ X the subcategory ⊥ X := {t ∈ T | Hom(t, x) = 0 ∀x ∈ X}. When we refer to the Dynkin diagram D n or related combinatorial concepts, we will always assume n ≥ 4.
A combinatorial model for the cluster category of Dynkin type D n
The combinatorial model for Dynkin type D n introduced by Fomin and Zelevinsky in [7] offers a geometric interpretation of the cluster category of Dynkin type D n . Isomorphism classes of indecomposable objects are represented by rotation-invariant pairs of arcs and diameters in a regular 2n-gon. As a useful property, this combinatorial model allows for an easy way to determine the dimension of the extension space between two indecomposable objects by counting the number of times the corresponding pairs of arcs or diameters in the regular 2n-gon cross. First we recall what the Auslander-Reiten quiver of the cluster category of Dynkin type D n looks like, such as to describe the one-to-one correspondence between isomorphism classes of indecomposable objects, represented by vertices in the Auslander-Reiten quiver, and pairs of arcs and diameters in the regular 2n-gon.
We denote by C Dn the cluster category of Dynkin type D n . It is defined as the orbit category
where D b (kD n ) is the bounded derived category of finitely generated kD n -modules with Auslander-Reiten translation τ and shift functor Σ. By Buan, Marsh, Reineke, Reiten and Todorov [1] the cluster category C Dn is a k-linear Hom-finite 2-Calabi-Yau Krull-Schmidt category and by Keller [13] it is triangulated with shift functor Σ. By Happel ([8] , Corollary 4.5(i)) the Auslander-Reiten quiver AR(D b (kD n )) of the bounded derived category D b (kD n ) is the repetition quiver ZD n . We label the vertices with the coordinate system first introduced by Iyama in [11] , Definition 4.2 (cf. Figure 1) .
The functor τ −1 Σ is an auto-equivalence of D b (kD n ) and thus acts on its set of isomorphism classes of indecomposable objects, i.e. on the vertices of the Auslander-Reiten quiver AR(D b (kD n )). By Table  1 in Miyachi and Yekutieli's paper [14] , it is defined on the vertices of AR(D b (kD n )) by
Identifying the vertices of AR(kD n ) in the orbits of τ −1 Σ gives rise to the Auslander Reiten quiver AR(C Dn ) of the cluster category of Dynkin type D n . We use the coordinate system induced from the one on AR(D b (kD n )) to label the vertices of AR(C Dn ), where the sections have first coordinates 0 up to n − 1, cf. Consider now the regular 2n-gon P 2n with vertices labelled consecutively in an anti clockwise direction by 0, 1, . . ., 2n − 1. Throughout we will calculate modulo 2n. The isomorphism classes of indecomposable objects in C Dn correspond to so-called pairs of arcs and coloured diameters in P 2n . Definition 2.1. An arc of P 2n is a pair of vertices (i, j) of P 2n with i = j. An arc of the form (i, i + 1), for i = 0, . . . , 2n − 1, is called an edge of P 2n . An internal arc of P 2n is an arc of P 2n that is not an edge. Each arc (i, j) of P 2n has a partner (i + n, j + n) which is obtained from (i, j) by rotation by π. An arc of P 2n is called diameter if it is π-rotation invariant, i.e. if it is of the form (i, i + n). A non-diameter arc (i, j) together with its partner (i + n, j + n) is called a pair of arcs and denoted by (i, j). For each diameter (i, i + n) we introduce two coloured diameters: a red one (i, i + n) r and a green one (i, i + n) g . By abuse of notation we sometimes omit the index and just write (i, i + n) for a coloured diameter, which
. . .
. . . Figure 2 . The coordinate system on AR(C Dn ) could be either red or green. If we omit the overline and simply write (i, i + n), we refer to the diameter (i, i + n) without a colour. We set E(P 2n ) := {pairs of edges of P 2n } and A (P 2n ) := { pairs of arcs and coloured diameters of P 2n } \ E(P 2n ). The map b defined in Definition 2.2 provides the connection to the combinatorial model for Dynkin type D n . It sends vertices without a sign in AR(C Dn ) to pairs of internal arcs of P 2n and alternatingly matches the vertices [i, i + n] ± to red and green diameters. Figure 3 illustrates the matching of vertices with a sign to coloured diameters.
• Any diagram of Dynkin type D n is invariant under rotation by π.
• The bijection b : AR(C Dn ) 0 → A (P 2n ) induces a one-to-one correspondence between subcategories of C Dn and diagrams of Dynkin type D n , where the subcategory consisting of the zero object is assumed to correspond to the empty diagram.
Definition 2.5.
• Two arcs (i, j) and (k, l) are said to cross, if i, j, k and l are pairwise distinct and they lie on the boundary of P 2n in the order i, k, j, l or k, i, l, j when moving in an anti clockwise direction.
• The pairs of arcs (i, j) and (k, l) are said to cross once, if the arc (i, j) crosses either (k, l) or (k + n, l + n). They are said to cross twice, if the arc (i, j) crosses both (k, l) and (k + n, l + n). • A coloured diameter (i, i + n) and a pair of arcs (k, l) are said to cross (once), if the arc (i, i + n) crosses (k, l). • Two coloured diameters (i, i + n) r and (j, j + n) g of different colours are said to cross (once) if the arcs (i, i + n) and (j, j + n) cross. Two diameters of the same colour do not cross. Figure 4 illustrates the crossing of arcs. Throughout this paper, when drawing diagrams we will draw green diameters as wriggly lines and red diameters as straight lines.
The combinatorial model of the cluster category of Dynkin type D n obtained through the bijection b : AR(C Dn ) 0 → A (P 2n ) is closely related to the model by Schiffler from [16] , where triangulations of the punctured disc were used to first combinatorially describe the cluster category of Dynkin type D n . In particular, Proposition 1.3 in Schiffler's paper [16] remains valid and can be restated as follows. Torsion pairs in triangulated categories were introduced by Iyama and Yoshino in [12] . The idea follows the classical concept of torsion theory in abelian categories, which goes back to Dickson [5] . Torsion pairs in the cluster category of Dynkin type D n have been classified by Holm, Jørgensen and Rubey in [10] via the combinatorial model described in Section 2. First, we recall the definition of a torsion pair in a triangulated category. Recall that every torsion pair (X, Y ) is uniquely determined by its torsion part X:
or equivalently by its torsion-free part: X = ⊥ Y . By Proposition 2.3 in Iyama and Yoshino's paper [12] , a contravariantly finite subcategory X of T is the torsion part of a torsion pair in T if and only if ⊥ (X ⊥ ) = X. Contravariantly finite means that for every object t ∈ T there is a morphism f : x → t, such that x ∈ X and any other morphism from the subcategory X into t factors through f . Because C Dn has only finitely many indecomposable objects, every subcategory X of C Dn is contravariantly finite. Thus the torsion parts of torsion pairs in C Dn are precisely those subcategories X which satisfy ⊥ (X ⊥ ) = X. This condition translates rather nicely to the combinatorial model: Let X be a subcategory of T and let X be the corresponding diagram of Dynkin type D n . Set
By Proposition 3.5 in Holm, Jørgensen and Rubey's paper [10] , the pair (X, X ⊥ ) is a torsion pair in C Dn if and only if X = nc nc X . In light of this result, the problem of classifying torsion pairs in C Dn boils down to finding a combinatorial description for diagrams X of Dynkin type D n satisfying X = nc nc X . Diagrams satisfying this condition are called Ptolemy diagrams of Dynkin type D n and can be described combinatorially by considering all crossing elements. Roughly speaking, whenever two pairs of arcs or diameters in a Ptolemy diagram cross, their convex hull has to be contained in the Ptolemy diagram as well. 
is a diameter, then both the red and the green copy of that diameter lie in X .
. Furthermore, the diameters (k, k + n) and (l, l + n) of the same colour as (i, j) also lie in X . Figure 5 illustrates the axioms for a Ptolemy diagram. •
Remark 3.4. Every cluster tilting subcategory X in a triangulated category T gives rise to a torsion pair (X, X ⊥ ) in T . In C Dn , cluster tilting subcategories are just maximal rigid subcategories and as a consequence of Lemma 1 correspond to diagrams of Dynkin type D n that are maximal collections of non-crossing elements of A (P 2n ). These diagrams trivially satisfy the Ptolemy condition, as they consist of pairwise non-crossing pairs of arcs and diameters.
Mutation of torsion pairs in triangulated categories
Mutation of torsion pairs in triangulated categories has been defined by Iyama and Yoshino in [12] and in cluster categories provides a generalisation of mutation of cluster tilting subcategories. Let T be a triangulated category with shift functor Σ. 
Lemma 2. For any rigid subcategory D of T we have
be a distinguished triangle with t ∈ ⊥ (ΣD). The direct sum of the distinguished triangles
is again a distinguished triangle and we have an isomorphism of triangles 
In triangulated categories with Auslander Reiten triangles, mutation of a torsion pairs has been defined by Zhou and Zhu in [17] . Assume now that the triangulated category T has Auslander Reiten triangles, and let τ be the Auslander Reiten translation. 
Mutation of a torsion pair (X, X ⊥ ) is thus defined with respect to a subcategory D of X, such that there are no extensions from X to T and that additionally satisfies the 2-Calabi-Yau condition τ D = ΣD. The latter is automatic for any subcategory of a 2-Calabi-Yau category, hence we do not have to worry about it when working in the cluster category C Dn of Dynkin type D n .
Non-crossing diagrams of Dynkin type D n and mutation
Zhou and Zhu introduced D-cells for non-crossing subdiagrams D of Ptolemy diagrams of Dynkin type A n and A ∞ in [17] . In this section, we define the analogue for Dynkin type D n , which will prove essential for the definition of mutation of Ptolemy diagrams in Section 6. Let from now on D denote a non-crossing diagram of Dynkin type D n , i.e. a diagram of Dynkin type D n with pairwise non-crossing elements. Informally speaking, D-cells of Dynkin type D n are convex polygons with edges in D ∪ E(P 2n ) which do not contain any diagonals in D. However, the presence of diameters means that we have to be careful with the definition. It is useful to replace some of the diameters in A (P 2n ) by pairs of radii.
Definition 5.1. We introduce an additional central vertex c, which is placed at the centre of P 2n and additional arcs (x, c) for x ∈ {0, . . . , 2n − 1}, which we call radii. The π-rotation (x + n, c) of a radius (x, c) is again a radius and together they form a pair of radii. For each pair of radii {(x, c), (x + n, c)} we introduce a copy of colour red and a copy of colour green and denote it by (x, c) r , respectively (x, c) g . Let D be a non-crossing diagram. We define the replacement map r D as follows. If D has no diameters, then we set r D : A (P 2n ) ∪ E(P 2n ) → A (P 2n ) ∪ E(P 2n ) to be the identity. Otherwise we define Proof. Assume that ∢(x, y, z) = ∢(x, y, z ′ ). If both z and z ′ lie in {0, . . . , 2n − 1} it follows from the regularity of Figure 7 . Example for a non-central pair of D-cells 
where we calculate modulo k in the indices. Furthermore, for any ( 
Definition 5.6. We say that a diameter or a pair of arcs (a, b) ∈ A (P 2n ) is contained in a pair of D-cells
For a pair of arcs (i, j) to be contained in a pair of containing (a, b) . Construct a sequence of vertices by setting
and for i ≥ 2:
We show that there exists a k ∈ Z, such that 
and thus, since • The maps µ D and µ
and only if D contains no diameters. In this case, the π-rotation invariant D-cell of Dynkin type D n is unique, central and it contains all diameters in nc
• Suppose (a, b) ∈ nc D \ D. By Lemma 6, the element (a, b) is contained in a unique pair of D-cells ((a, b) ), if it is a diameter or pair of radii, is specified as follows.
- 
, is a diameter, it is set to be of different colour than (x, x + n) if and only if (a , b) ), is a diameter, it is set to be of the same colour as (x, x + n). The following definition mirrors the definition of D-mutation pairs in triangulated categories by Iyama and Yoshino in [12] , cf Definition 4.1.
Definition 5.11 (D-mutation pair). We call a pair of diagrams (
Remark 5.12. Since µ D is a bijection on nc D with inverse µ than (a, b) . We first note that if r D ((a, b) ) is a pair of radii then r D (µ D ((a, b) )) is not: since the ending vertices of r D ((a, b) ) and r D (µ D ((a, b) )) are pairwise distinct, at most one of them can be the central vertex c.
Lemma 8. Mutation changes the colour of diameters. I.e. let (a, b) be a diameter in nc
If D contains more than one diameter of the same colour, then every diameter in nc D \ D gets mapped to a pair of radii under the map r D . Thus, in this case, diameters do not get mutated to diameters.
It remains to check the case where D contains exactly one diameter. Assume that both (a, b) in nc D \D and µ D ((a, b) ), respectively µ − D ((a, b) ), are diameters. Since r D ((a, b) ) and r D (µ D ((a, b) ((a, b) )), cannot both be pairs of radii, precisely one of them has to be a diameter. However, there is only one diameter in r D (nc D \ D) and it is of different colour to all the pairs of radii in r D (nc D \ D). Therefore mutation changes colour.
Remark 5.13. If a diameter (a, b) gets mutated to a pair of arcs µ D ((a, b) 
is a pair of radii. The way we may think about this is that only pairs of radii may get split up into pairs of arcs and diameters have to stay "whole" (at least for one mutation step). Indeed, if µ Our goal is to give a combinatorial interpretation for mutation of torsion pairs in the cluster category C Dn by defining mutation of Ptolemy diagrams of Dynkin type D n . Since C Dn is 2-Calabi-Yau and contains only finitely many indecomposable objects (up to isomorphism), any subcategory is functorially 
If X corresponds to the diagram X of Dynkin type D n , the subcategory X ∩ (Σ −1 X) ⊥ corresponds to the diagram X ∩ nc X of those arcs in X that do not cross any other arcs in X . In analogy with mutation of torsion pairs on the categorical level, we want to define mutation of the Ptolemy diagram X of Dynkin type D n with respect to subdiagrams of X ∩ nc X . In particular, any subdiagram of X ∩ nc X is a non-crossing diagram of Dynkin type D n . Definition 6.1 (mutation of Ptolemy diagrams of Dynkin type D n ). Let X be a Ptolemy diagram of Dynkin type D n with a subdiagram D ⊂ X ∩nc X . We define the D-mutations of X to be the diagrams
Mutation of Ptolemy diagrams of Dynkin type D n as described in Definition 6.1 provides a combinatorial model for mutation of torsion pairs in the cluster category of Dynkin type D n . For the proof of this fact, which is stated more generally in Theorem 6.3, we calculate extensions between certain objects in the cluster category C Dn . We first introduce a few technicalities to make the calculations easier.
Lemma 9. Let D be a non-crossing diagram and let
Proof. By Lemma 1, the dimension of the extension space of two indecomposable objects is equal to the number of times the corresponding pairs of arcs cross (cf. Definition 2.5) • If both (a, b) and µ − D ((a, b) ) are diameters then by Lemma 8 they are of different colour, so they cross once.
• If one of (a, b) and µ − D ((a, b) ) is a diameter and the other one is a pair of arcs it follows directly from Definition 2.5 that they cross once.
• Now consider the case where both (a, b) and µ . . . Figure 15 . Coordinate system on AR(mod kD n )
We now want to find distinguished triangles of the form
in C Dn . To do this, we use methods introduced by Buan, Marsh, Reineke, Reiten and Todorov in [1] . Recall that the cluster category C Dn is an orbit category of the bounded derived category D b (kD n ). By Proposition 1.6 in [1] the objects in the cluster category C Dn are either induced by kD n -modules or by shifts of projective modules. We restrict the coordinate system from Iyama's paper [11] on the Auslander-Reiten quiver of the derived category to the Auslander-Reiten quiver AR(mod kD n ) of the module category, cf. Figure 15 .
We will denote a representative of the isomorphism class of indecomposable modules at the vertex Let us first recall the notion of starting and ending frame in mod kD n . We denote the set of vertices of AR(mod kD n ) by AR(kD n ) 0 . 
M [a,b] . The starting and ending frames can be worked out using the tables from Section 1.3 in Bongartz's paper [2] , cf. also Buan, Marsh, Reineke, Reiten and Todorov's paper [1] . For a vertex [i, j] of AR(mod kD n ) with i < j < i + n, they are given by: 
in C Dn where d is an object of D.
Lemma 11 can be derived from calculations in section 8 of Buan, Marsh, Reineke, Reiten and Todorov's paper [1] . We provide a proof for the convenience of the reader. 
Whenever the elements b( [i, j] ) and b ([k, l] ) in A (P 2n ) intersect exactly once, this extension space is one-dimensional and we can apply Lemma 10 to calculate short exact sequences in mod kD n , which induce distinguished triangles in C Dn . By abuse of notation we introduce additional vertices [i, i + 1] = b −1 ((i, i + 1)) for pairs of edges (i, i + 1) ∈ E(P 2n ), to which we associate the zero-module in mod kD n , M [ is induced by the shift of a projective module, i.e. we can
= Σm (x,y) and we obtain the desired distinguished triangle by M b −1 ((x,y)) in mod kD n .
• , y) ) is a diameter, we can find the desired distinguished triangle.
• Finally, suppose both (x, y) and µ 
